Abstract Definitions and estimators of water resources system reliability (the probability that the system will remain in a non-failure state), resilience (the ability of the system to return to non-failure state after a failure has occurred) and vulnerability (the likely damage of a failure event) have been thoroughly investigated. A behaviour analysis addressing monotonic behaviour, overlap and correlation between the estimators was carried out by routing time series of monthly runoff through a reservoir with a specified storage volume that is operated according to a fixed operation policy. Estimation based on historical time series is shown to be problematic and a procedure encompassing generation of synthetic time series with a length of at least 1000 years is recommended in order to stabilize the estimates. Moreover, the strong correlation between resilience and vulnerability may suggest that resilience should not be explicitly accounted for.
INTRODUCTION
The objective of this paper is to review the estimators of reliability, resilience and vulnerability (R-R-V) proposed in the literature and to examine which combination of these would be the most appropriate for use in connection with a multi-objective risk assessment of a water resources system, such as suggested by, for example, Loucks (1997) , where the sustainability of a scenario is expressed as the product of R-R-V. This sustainability criterion has been applied to existing water resources systems by Kay (2000) and Kjeldsen & Rosbjerg (2001) .
The use of reliability has been an integrated part of analysis and design of water resources systems for more than a century. Since the publications by Hashimoto et al. (1982) and Fiering (1982) , the use of the additional risk criteria of resilience and vulnerability has been widely discussed; see for example, Moy et al. (1986) , Jinno et al. (1995) , Kundzewicz & Laski (1995) , Vogel & Bolognese (1995) , Kundzewicz & Kindler (1995) , Srinivasan et al. (1999) and Vogel et al. (1999) . It is common for all estimators to rely on the statistical characteristics of failure periods for estimation. Several estimators of R-R-V have been proposed, but few of the studies mentioned above discuss which is the most appropriate combination of estimators to use. To investigate the most appropriate combination, the estimators were investigated with regards to monotonic behaviour and degree of overlap. The exact nature of these characteristics is discussed in the later sections.
FAILURE
The following description of R-R-V is based on the assumption that the system under consideration at a given time t can be in either a satisfactory (i.e. non-failure) state NF or an unsatisfactory (i.e. failure) state F. In this study the focus is on water supply systems, and, therefore, the NF state occurs when water supply is able to meet water demand and, hence, the F state is when supply cannot meet demand. Moving from time step t to t + 1, the system can either remain in the same state or migrate to the other state.
The duration of the jth excursion into a failure period is denoted d(j) and the corresponding deficit volume is denoted v(j), j = 1, …, M, where M is the total number of failure events. The definitions of d(j) and v(j) are illustrated for a single failure event in Fig. 1 . The deficit volume of the failure event is calculated as the cumulative difference between demand and availability as:
where d(j) is the duration of the failure, D(t) and Y(t) are the water demand and the water actually supplied, respectively. The following sections describe how to estimate R-R-V from the extracted series of failure duration and deficit volume.
Reliability
The oldest and most widely used performance criterion for water resources systems is reliability, which is defined by Hashimoto et al. (1982) as:
where S is the system state variable under consideration. The most widely accepted and applied definition is occurrence reliability, which can be estimated as:
where d(j) is the duration of the jth failure event, M is the number of failure events, and T is the total number of time intervals.
Resilience
Resilience is a measure of how fast a system is likely to return to a satisfactory state once the system has entered an unsatisfactory state. Hashimoto et al. (1982) define resilience as a conditional probability:
where S(t) is the system state variable under consideration. This definition of resilience is equal to the inverse of the mean value of the time the system spends in an unsatisfactory state, i.e.:
where again d(j) is the duration of the jth failure event and M is the total number of failure events. Moy et al. (1986) defined resilience as the maximum consecutive duration the system spends in an unsatisfactory state. To make this definition comparable with the definition of Res 1 in equation (5), resilience is expressed as the inverse of the maximum duration as: Kundzewicz & Kindler (1995) argued that the definition based on maximum value is better than that based on mean value, as the presence of small insignificant events may lower the mean value compared to the same situation, but without the small events as illustrated by Kundzewicz & Kindler (1995) , which might lead to non-monotonic behaviour (see section on monotonic behaviour). The extent of non-monotonic behaviour observed in estimates of resilience and vulnerability obtained from short samples will be further discussed later. Srinivasan et al. (1999) highlighted the same problem but further argued that using the maximum duration might mask resilient behaviour in the rest of the series compared to other series with shorter maximum duration but more non-resilient behaviour in the remaining series.
Vulnerability
Vulnerability is a measure of the likely damage of a failure event and was defined by Hashimoto et al. (1982) as:
where h(j) is the most severe outcome of the jth sojourn in unsatisfactory state and e(j) is the probability of h(j) being the most severe outcome of a sojourn into the unsatisfactory state. Hashimoto et al. (1982) and Jinno et al. (1995) based their vulnerability measure on the total water deficit experienced during the entire jth sojourn into F, i.e. deficit volume. This definition is suited for reservoirs as the most severe outcome of a reservoir state is often empty, h(j) = 0. As a further simplification of equation (7), both studies considered the probability of each event to be equal, i.e. e(1) = ... = e(M) = 1/M, where M is the number of failure events. Therefore, they estimated vulnerability as the mean value of the deficit events v(j) as:
Again, Kundzewicz & Kindler (1995) argued that the maximum event as proposed by Moy et al. (1986) might be a better estimator than the event-based mean value, i.e.:
where v(j) is the deficit volume of the jth failure event. As an alternative to the maximum observed value, estimates of resilience and vulnerability can be based on the pth fractile in the empirical cdf or a standard cdf fitted to either the duration or the deficit volume of the observed failure events as:
where F d and F v are the cdf of duration and deficit volume, respectively. Difficulties associated with the use of standard cdf for modelling of duration and deficit volume of failure events from southern African rivers have been reported by Kjeldsen et al. (2000) , and in this study only the use of the empirical cdf was attempted with p = 0.9. In summary, two different sets of estimators of resilience and vulnerability are available from the literature. One set of estimators focuses on the average of observed failure characteristics, while the other set focuses on the properties of the observed maximum values of the failure properties. If an analyst is left with the task of simply characterizing the R-R-V of a water resources system without further specification, a choice between these different types of estimators has to be made. The remainder of this paper attempts to investigate reasons why certain estimators, and combinations of estimators, should be preferred.
SYSTEM EXPERIMENTS

Behaviour analysis
The investigations of the statistical properties of R-R-V, with regards to monotonic behaviour and overlap, are based on series of failure events, d(j) and v(j), extracted from time series using behaviour analysis. Time series of monthly runoff are routed through a reservoir with a specified storage volume S(t) and demand D(t) as:
where S(t) is reservoir storage at the beginning of time step t, Q(t) is inflow to the reservoir in time step t, D(t) is demand from the reservoir in time step t and S max is the reservoir storage capacity. Surplus water is spilled, and the reservoir is assumed to be full at the beginning of each simulation. In this study the reservoir is operated according to a standard operating policy as defined in Fig. 2 . To investigate the behaviour of different estimators of R-R-V, time series of monthly discharge from four rivers-two in South Africa and two in Zimbabwe-were collected. All gauging stations were reported recording natural flow, i.e. with a minimum of anthropogenic influence. The data series were chosen based on record length and data quality, especially concerning missing data. Annual and monthly flow statistics of the historical series are shown in Tables 1 and 2 , respectively.
The monotonic behaviour of the estimators was investigated using time series of historical monthly runoff. For investigating the correlation between estimators and the record length required to obtain stable estimates, it was necessary to apply time series of monthly runoff generated from stochastic models estimated from the historical data. A Box-Cox transformation of the time series of annual runoff was applied in order to make the series approximately Gaussian, followed by fitting of appropriate ARMA(p,q) models to the series. Generated annual series of runoff were converted into time series of monthly runoff using the method of fragments for disaggregation. A5H004  0  0  2  0  2  2  5  5  10  15  0  0  R2H008  16  10  10  10  22  22  18  30  22  12  4  6  D28  0  0  0  1  3  3  3  3  3  4  6  1  E2  11  12  14  18  26  38  42  46  54  58  38  20 This method was found by Srikathan & McMahon (1980) to deal effectively with months of zero runoff as encountered in the adopted flow series.
MONOTONIC BEHAVIOUR
To introduce the concept of a monotonic estimator, as used in this study, consider a storage-yield-reliability relationship. If storage increases or yield decreases the reliability will increase, hence reliability is considered a monotonic estimator with respect to storage volume and draft. To investigate the degree of monotonic behaviour of the estimators of resilience and vulnerability, the following combinations of active reservoir storage capacity (S) and draft (a), both normalized with mean annual runoff (MAR), were used: storage: S = 0.5, 1.0, 2.0 and draft: a = 0. 55, 0.60, 0.65, 0.70, 0.75, 0.80, 0.85, 0.90, 0.95 . The water demand is specified on an annual basis and afterwards disaggregated uniformly on each month. Each historical time series of monthly runoff is routed through the reservoir and the number of failure months, the duration of each failure and the water deficit accumulated during each failure are recorded. Based on the statistics of the failure events sample estimates of resilience and vulnerability are Res 1 , Res 2 , Res 3 , Vul 1 , Vul 2 and Vul 3 . A similar behaviour of the resilience and vulnerability estimators was observed across the four rivers. Thus, Fig. 3(a)-(f) shows typical examples of the estimated resilience and vulnerability as a function of draft and active storage volume, illustrated by data from gauging station D28 in the Mazoe River in Zimbabwe.
When estimation of resilience and vulnerability is based on mean values of duration and deficit volume (Res 1 and Vul 1 ), the sample estimates generally exhibit a non-monotonic behaviour as, for a specified storage volume, the estimates do not increase monotonously as the draft increases (see Fig. 3(a) and (b) ). Also, when con- Fig. 3 Monotonic behaviour of (a) Res 1 using mean value of failure duration; (b) Vul 1 , using mean value of failure deficit volume; (c) Res 2 using maximum failure duration; (d) Vul 2 using maximum deficit volume; (e) Res 3 using F -1 (0.9) in the cdf of duration; and (f) Vul 3 using F -1 (0.9) in the cdf of deficit volume. The unit of vulnerability is m 3 s -1 , corresponding to the runoff in one month.
sidering resilience and vulnerability as a function of storage volume with a fixed draft, a similar non-monotonic behaviour can be observed. A similar tendency can be observed when estimating resilience and vulnerability as Res 3 and Vul 3 , i.e. as the 0.9th fractile in the empirical cdf of failure duration and deficit volume respectively, as evident from Fig. 3(c) and (e). The use of maximum observed values of duration and deficit volume for estimation of resilience and vulnerability, Res 2 and Vul 2 , give sample estimates that are monotonic with respect to both draft and storage volume (see Fig. 3 
(c) and (d)).
The results from this investigation support the observations reported by Kundzewicz & Kindler (1995) that obtaining sample estimates of resilience and vulnerability based on mean values of failure duration and deficit volume using time series of historical length is not appropriate as the sample estimates are nonmonotonic. Likewise, system experiments show that sample estimates obtained using the 0.9th fractile of the empirical cdf of failure duration and deficit volume exhibit the same non-monotonic behaviour. Maximum values appear to be more applicable in terms of monotonic behaviour. However, the largest event observed in a n-year period has a very large sampling variance (Vogel & Stedinger, 1988) and is, therefore, a less appropriate estimator. No recommendation can be made based on an investigation of the degree of monotonic behaviour alone. The non-monotonic behaviour observed when using mean values or the 0.9th fractile in the empirical cdf is related to the limited number of failure events experienced when using time series of historical extent. Many studies have used time series of historical length for evaluation of resilience and vulnerability. However, the estimation precision of both resilience and vulnerability can be enhanced by the introduction of stochastic streamflow models. By generating long series of synthetic streamflow, the number of failure events can be increased, leading to more robust estimates of resilience and vulnerability, concerning both mean and maximum values. Hashimoto et al. (1982) used 10 000 years of synthetic data for evaluation of R-R-V and Vogel & Bolognese (1995) used 100 million years of data. The record length required for robust estimation of resilience and vulnerability is discussed later.
OVERLAP
Overlap, or dependence, between different criteria in multi-objective decision making may lead to inaccurate ranking of the considered scenarios. To illustrate the effect of overlap, consider the comparison between two policy options with respect to two criteria, a and b. Assume that the final ranking of the policy options is based on the product of the two criteria. If a and b are significantly correlated, then b can be expressed as a linear function of a as b = αa + β, where α and β are considered constants. The product of a and b is given as ab = a(αa + β) = αa 2 + βa, and hence, the ranking of the two policy options is based on the outcome of criterion a (or b) only. Rogers et al. (1997) investigated overlap between selected environmental indicators using principal component analysis. In this study, the overlap between different estimates of reliability, resilience and vulnerability is investigated by generating many synthetic time series of monthly runoff, estimating R-R-V for each time series and then quantifying the degree of overlap in terms of correlation coefficients between series of sample estimates. The procedure for each of the four rivers is as follows: 1. Identify, estimate and validate stochastic streamflow model. 2. Generate a synthetic time series of monthly runoff of historical length. 3. Route time series through the reservoir with specified storage volume and water demand. 4. Estimate Rel, Res 1-3 and Vul 1-3 . 5. Repeat steps 2-5 a total of 100 times.
The following combinations of storage volume and water demand were used (both normalized with MAR): storage: S = 0.5, 1.0, 2.0 and draft: a = 0.5, 0.70, 0.90. The generated time series of monthly runoff are routed through the reservoir using behaviour analysis. For each combination of storage volume and water demand, the correlation coefficient between the 100 coherent estimates of R-R-V is calculated as:
expressing the linear relationship between the estimates of R-R-V. The higher the value of the correlation coefficient, the more the two considered estimators overlap, thereby reducing the amount of information gained by using both criteria compared to using two independent criteria. Combinations of estimators shown in Table 3 were investigated and the results of each combination of storage volume and water demand plotted. The inverse of the three resilience estimators, rather than the estimators themselves, were used in order to obtain a linear relationship between the variables, thus making the correlation coefficient a more useful measure of overlap. As with the monotonic behaviour, the observed behaviour of the R-R-V estimators did not differ significantly from river to river and, thus, the figures illustrate typical behaviour exemplified by data from gauging station A5H004 in the Palala River in northern South Africa. Table 3 Combinations of R-R-V for investigation of overlap.
Resilience-vulnerability
Nine different combinations of resilience and vulnerability were investigated. Figure 4 (a)-(c) shows the correlation coefficient between estimators of the inverse of resilience and vulnerability, i.e. each part of the figure contains results from one of the rows in Table 3 . In general the correlation coefficients between vulnerability and the inverse of resilience are positive and between 0.5 and 1.0. This shows that a system with high sample resilience also has a low sample vulnerability, which agrees with the findings of Kundzewicz & Laski (1995) . It should be noted that the correlation coefficients between pairs of estimators based on the same summary statistics, such as mean value, maximum value or the 0.9th fractile, are close to one, indicating a total overlap between resilience and vulnerability in these cases. 
Reliability-resilience
As may be seen from Fig. 4(d) , the correlation between reliability and the inverse of the resilience expressed through either mean values, fractiles or maximum values is of the same order of magnitude between -0.3 and -0.8. Considering the mean value of failure duration, there appears to be a tendency of increasing numerical correlation with decreasing storage capacity and increasing water demand. The opposite mechanism is observed when considering the maximum value of observed failure duration, i.e. increasing storage volume and decreasing water demand. No such tentative conclusions can be reached when considering the 0.9th fractile in the empirical cdf of the duration of failure duration. The high negative correlation indicates that reliable systems tend to have a high degree of resilience (keeping in mind that the experiment considers the correlation between reliability and the inverse of resilience), which corresponds to the findings of others, for example, Kundzewicz & Kindler (1995) and Srinivasan et al. (1999) . All three methods of estimating resilience gave correlation coefficients of the same order of magnitude.
Reliability-vulnerability
Figure 4(e) shows the correlation coefficient between reliability and vulnerability expressed through mean values and maximum values, respectively. The order of magnitude of the correlation coefficient is generally between -0.3 to -0.8, i.e. the same as for the correlation between reliability and resilience. The negative correlation indicates that systems with high reliability tend also to be less vulnerable, which corresponds to the findings of Kundzewicz & Laski (1995) . The correlation coefficients behave in a similar way to the pattern observed in the correlation between reliability and resilience. For vulnerability expressed through mean values, the correlation coefficient decreases with increasing storage volume and increases with increasing water demand. For vulnerability expressed as the maximum value, the correlation increases with increasing storage volume and decrease with increasing water demand.
REQUIRED RECORD LENGTH
As is evident from the investigations concerning monotonic behaviour, the use of time series of historical length to estimate resilience and vulnerability leads to nonmonotonic behaviour when using mean values, due to the limited number of failure events. To enhance the estimation of resilience and vulnerability, the stochastic streamflow models were used to generate longer series and thereby more failure events. The objective of this investigation was to obtain an indication of the record length required to give robust estimates of resilience and vulnerability. The procedure for estimating the required record length is as follows: 1. Identify, estimate and validate a stochastic streamflow model. 2. Select the required record length (T years). 3. Generate synthetic time series of monthly runoff with a record length of T. 4. Route time series through the reservoir with specified storage capacity and water demand. 5. Estimate Res 1 , Res 3 , Vul 1 and Vul 3 . 6. Repeat steps 2-5 for each chosen value of T.
The investigation was made considering a reservoir with a storage volume equal to MAR and water demand a = 0.5, 0.7 and 0.9. The following record lengths were considered T = historic, 100, 200, 500, 1000, 5000, 10 000 and 100 000 years. The required record length was assumed reached when further extension of the time series did not significantly change the estimate of the resilience or vulnerability. The reliability and vulnerability estimated as the maximum duration and deficit volume of observed failure periods (Res 2 and Vul 2 ) will increase as the record length increases; hence, no required record length can be determined and these estimators were not considered. The procedure outlined above was repeated for each of the four rivers and the general tendency was that the same pattern could be observed in most rivers for all estimators; therefore, tentative guidelines for required record length can be given. Typical results are illustrated in Fig. 5 (a)-(d) obtained using data from gauging station E2 in the Umshagashi River in Zimbabwe. For all rivers, the estimates of resilience and vulnerability obtained using mean values and the 0.9th fractile reached a constant level when using record lengths of 1000 years.
CONCLUSIONS
Based on the results of the investigation of R-R-V, the following tentative conclusions can be made. Using time series of historical length is problematic, especially when estimating resilience and vulnerability through the use of mean values of failure events characteristics, as it leads to a non-monotonic behaviour of the estimates. Using maximum values of duration and deficit volume proved to give more monotonic estimates; however, masking of resilient behaviour in the remainder of the series and large estimation uncertainty made maximum values estimated from historical time series less appealing. Considering the overlap between R-R-V, it became clear that combinations of resilience and vulnerability based on the same summary statistics should not be used, to avoid total overlap. It might be beneficial to abandon either resilience or vulnerability from a multicriteria analysis; alternatively, they could be used together while abandoning reliability instead. Abandoning resilience might appear as a step away from the issues related to sustainability, such as discussed by Loucks (1997) . However, the strong correlation between vulnerability and resilience guarantees that systems with low vulnerability (which are potentially the most sustainable) also have a high degree of resilience. Finally, the non-monotonic behaviour of the estimators led to the investigation of the required record length. From the investigation it is clear that the length of the time series to be used for estimating resilience and vulnerability should be at least 1000 years.
